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ABSTRACT
We obtain the most general spherically symmetric M2-branes and type IIB strings, with
R
1,2 × SO(8) and R1,1 × SO(8) isometries, respectively. We find that there are 12 different
classes of M2-branes, and we study their curvature properties. In particular, we obtain new
smooth M2-brane wormholes that connect two asymptotic regions: one is flat and the other
can be either flat or AdS4 × S7. We find that these wormholes are traversable with certain
timelike trajectories. We also obtain the most general Ricci-flat solutions in five dimensions
with R1,1 × SO(3) isometries.
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1 Introduction
The higher dimensionality and the inclusion of higher form fields in string and M theories
allow a variety of p-brane solitons in the spectrum [1]. These objects are generalizations
of charged black holes and have been playing an important role in understanding the non-
perturbative aspects of the string theories. A p-brane soliton is defined to be a spacetime
configuration that splits the D-dimensional spacetime into the world volume of (p + 1)
dimensions and the transverse space of (D − p − 1) dimensions. The electrically charged
p-brane is supported by a (p + 1)-form potential, while the magnetically charged one is
by a (D − p − 1)-form. The simplest type of p-branes has the Minkowski world volume
and spherically symmetric transverse space. A classification of such p-branes in maximal
supergravities was given in [2]. Lower-dimensional p-branes can be lifted to higher dimen-
sions and become intersecting M2-branes or type II strings [3, 4]. Classifications of brane
intersections in maximal supergravities were given in [5, 6].
In this paper, we consider a more general class of p-brane solutions, focusing on M2-
branes and type IIB strings. While we still retain the spherical symmetry in the trans-
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verse space for simplicity, we shall relax the condition for the world volume from being
Minkowskian to having instead the R1,p isometry. A simple example is a p-brane with grav-
itational a pp-wave propagating in the world volume. Such a p-brane has the isometry of
R
1,p × SO(D − p− 1). The metric takes the form
ds2D = r
2dΩ2D−p−2 +
dr2
f
+
p∑
µ,ν=0
gµνdz
µdzν , (1.1)
where f and gµν depend only on the radial variable r of the transverse space. The world
volume coordinates are zµ, with z0 = t denoting the time direction. The way to obtain such
a solution is to observe that one can perform Kaluza-Klein reduction on the coordinates zµ,
on which no field depends. The resulting solution in (D− p− 1) dimensions is an instanton
supported by a certain scalar coset G/H. In the case of pure gravity, the scalar coset is
GL(p+1,R)
SO(1,p) , for which the most general solution was obtained in [7]. (See also [8, 9].)
In section 2, we consider the reduction of M2-branes on the world volume. The Kaluza-
Klein reduction of eleven-dimensional supergravity on R1,2 gives rise to a scalar coset of
SL(3,R)
SO(1,2) ×
SL(2,R)
SO(1,1) [10, 11]. This enables us to make use of the results in [7] and obtain
the most general M2-brane solutions. We find that there are twelve classes of solutions,
including the previously known extremal [12] or nonextremal M2-branes [13, 14]. We also
find new smooth M2-brane wormhole solutions. We study the curvature properties of these
solutions. In particular, in section 3, we focus on the wormholes and demonstrate that they
are not traversable geodesically but traversable with certain timelike trajectories, as in the
case of the previously known Ricci-flat wormholes [15, 16, 17, 7].
The SL(3,R)SO(1,2) × SL(2,R)SO(1,1) scalar coset can also be obtained from the reduction of type IIB
supergravity on R1,1. This enables us to lift the instanton solutions back to D = 10 and
obtain the most general type IIB string solutions. We do this in section 4. It is worth
pointing out that, in the case of M theory on R1,2, the SL(3,R) global symmetry is part of
the general coordinate transformation, and hence we can use it to mod out the equivalent
solutions related by coordinate transformation. In the case of type IIB supergravity on
R
1,1, it is the SL(2,R) factor that is part of the general coordinate transformation. Thus
the same instanton solution in D = 8 can lead to very different lifting to M2-branes or type
IIB strings.
In section 5, we further consider five-dimensional pure gravity on R1,1, which becomes
the scalar coset of SL(3,R)SO(1,2) . This enables us to obtain the most general Ricci-flat solutions
in five dimensions with R1,1 × SO(3) isometry.
We conclude the paper in section 6.
2
2 General Spherically symmetric M2-branes
The world volume of M2-branes has three dimensions, including one time and two spatial
directions. Performing Kaluza-Klein reduction on the world volume gives rise to instanton
solutions in D = 8 Euclidean maximal supergravity. In this section, we review the scalar
sector in D = 8 and obtain the most general spherically symmetric instanton solutions
supported by the scalars. Lifting the solutions back to D = 11 gives rise to the most
general spherically symmetric M2-branes, with R1,2×SO(8) isometries. We then study the
curvature properties of these solutions.
2.1 D = 8 Euclidean maximal supergravity: the scalar sector
Eight-dimensional Euclidean maximal supergravity obtained from R1,2 reduction of eleven-
dimensional supergravity was discussed in [10, 11]. Here we shall focus on the scalar sector.
The bosonic sector of eleven-dimensional supergravity consists of the metric and a 3-form
tensor field A(3). The action is given by [18]
S11 =
∫
d11x
√
−G
(
R− 1
48
F 2(4)
)
− 1
6
∫
A(3) ∧ F(4) ∧ F(4) , (2.1)
where F(4) = dA(3). There are a total of seven scalars in D = 8, six of which come from the
metric, whose reduction ansatz is given by
ds211 = e
− 1
3
Φds28 + e
2
3
ΦdzTM dz
= e−
1
3
Φds28 + e
2
3
Φ
(
e
Φ1+
1√
3
Φ2(dz1 + χ12dz2 + χ10dt)
2
+ e
−Φ1+ 1√
3
Φ2(dz2 + χ20dt)
2 − e− 2√3Φ2dt2
)
, (2.2)
where z = (z1, z2, t) and the matrix M in the metric involves five scalars, parameterizing
the SL(3,R)SO(1,2) scalar coset, namely,
M =


e
Φ1+
Φ2√
3χ210 − e−
2Φ2√
3 + e
−Φ1+
Φ2√
3χ220 e
Φ1+
Φ2√
3χ10 e
Φ1+
Φ2√
3χ12χ10 + e
−Φ1+
Φ2√
3χ20
e
Φ1+
1√
3
Φ2χ10 e
Φ1+
1√
3
Φ2 e
Φ1+
1√
3
Φ2χ12
e
Φ1+
1√
3
Φ2χ12χ10 + e
−Φ1+
1√
3
Φ2χ20 e
Φ1+
1√
3
Φ2χ12 e
−Φ1+
1√
3
Φ2 + e
Φ1+
1√
3
Φ2χ212


.
(2.3)
The parametrization of such a scalar coset was discussed in detail in [10, 7]. The reduction
of the 3-form tensor field A(3) on R
1,2 gives rise to one axionic scalar χ, given by
A(3) = χdt ∧ dz1 ∧ dz2 . (2.4)
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This axion and the breathing mode Φ in the metric form an SL(2,R)SO(1,1) scalar coset with
M˜ =

−eΦ + e−Φχ2 e−Φχ
e−Φχ e−Φ

 . (2.5)
The Lagrangian of the scalar sector, coupled to gravity, of Euclidean maximal supergravity
in D = 8 is then given by
L8 = √g
(
R+ 14tr(∂µM−1∂µM) + 14 tr(∂µM˜−1∂µM˜)
)
=
√
g
(
R− 12(∂Φ)2 + 12e−2Φ(∂χ)2 − 12(∂Φ1)2 − 12 (∂Φ2)2 (2.6)
− 12e2Φ1(∂χ12)2 + 12eΦ1+
√
3Φ2(∂χ10 − χ20∂χ12)2 + 12e−Φ1+
√
3Φ2(∂χ20)
2
)
.
2.2 Spherically symmetric solution
We now consider spherically symmetric instanton solutions to the Lagrangian (2.6) in eight
dimensions. The metric ansatz is given by
ds28 =
1
f(r)
dr2 + r2dΩ27 , (2.7)
with all of the scalars depending only on the radial coordinate r. The equations of motion
of such an ansatz for general scalar cosets were discussed in [7]. The Einstein equations in
the directions of the foliating sphere S7 imply that
12(1 − f)− rf ′ = 0 , (2.8)
where a prime denotes a derivative with respect to r. Thus we have
f = 1− a
r12
. (2.9)
The Einstein equation associated with Rrr implies that
− 7f
′
2r f
+ 14tr(M−1
′M′) + 14 tr(M˜−1
′M˜′) = 0 . (2.10)
The scalar equations of motion are given by
(M−1M˙)˙= 0 , (M˜−1 ˙˜M)˙= 0 (2.11)
where a dot denotes a derivative with respect to ρ, defined by
dρ =
dr
r7
√
f
. (2.12)
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Thus, we have
ρ = − 1
6
√
a
arcsin
(√
a
r6
)
. (2.13)
The second-order differential equations (2.11) for the scalars can be easily integrated to give
rise to a set of first-order equations, given by
M−1M˙ = C , M˜−1 ˙˜M = C˜ , (2.14)
where C and C˜ are Lie-algebra valued constant matrices. Both C and C˜ are traceless since
detM = detM˜ = −1. Substituting this and (2.9) into (2.10), we have the following
constraint on these constant matrices, namely
I ≡ −12tr(C2)− 12tr(C˜2) = 2(D − 1)(D − 2)a = 84a . (2.15)
Thus we see that the solutions are completely determined by the constant matrices C and
C˜. Such matrices for the SL(n,R)/SO(1, n − 1) scalar cosets were classified in [7, 8] that
would yield different classes of solutions. If we turn off the scalars in M˜, the solutions are
then Ricci-flat, and fully classified in [7], including new smooth wormholes and new tachyon
waves. If instead we turn off the scalars in M, we may obtain supersymmetric [12] and
non-supersymmetric M2-branes as in [19, 20].
We now consider the classifications of C and C˜ and henceM and M˜ in detail. We begin
with C and M, which were discussed in [7]. Here we shall just present the results.
Class I: The constant matrix C has a pair of complex eigenvalues. It is isomorphic to
C =


α −β 0
β α 0
0 0 −2α

 . (2.16)
It follows that
M =


−eαρ cos βρ eαρ sin βρ 0
eαρ sin βρ eαρ cos βρ 0
0 0 e−2αρ

 . (2.17)
Class II: The matrix C has three real eigenvalues, with one timelike and two spacelike
eigenvectors. It is isomorphic to
C =


α1 0 0
0 α2 0
0 0 −(α1 + α2)

 . (2.18)
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Thus we have
M =


−eα1ρ 0 0
0 eα2ρ 0
0 0 e−(α1+α2)ρ

 . (2.19)
The matrix C can also have three real eigenvalues, but with degenerate eigenspace.
There are two inequivalent cases, leading to the follow two classes.
Class III: C is rank 2 and there is a twofold eigenvalue with a 1-dimension eigenspace.
Such a C is isomorphic to
C =


Q˜+ α Q˜ 0
−Q˜ −Q˜+ α 0
0 0 −2α

 . (2.20)
Note that we can fix Q˜ = ±1 by an O(1, 1) boost. The corresponding matrix M is given
by
M =


−eαρ(1 + Q˜ρ) −eαρQ˜ρ 0
−eαρQ˜ρ eαρ(1− Q˜ρ) 0
0 0 e−2αρ

 . (2.21)
Class IV: C is rank 2 and all of its eigenvalues are zero. Such a C is isomorphic to
C =


cos β cos β −12 sin β
− cosβ − cosβ 12 sinβ
1
2 sinβ
1
2 sin β 0

 . (2.22)
The matrix M is given by
M =


−(1 + ρ cos β − 18ρ2 sin2 β) −(ρ cos β − 18ρ2 sin2 β) 12ρ sin β
−(ρ cos β − 18ρ2 sin2 β) (1− ρ cos β + 18ρ2 sin2 β) 12ρ sin β
1
2ρ sin β
1
2ρ sin β 1

 . (2.23)
The classification of C˜ and M˜, on the other hand, is somewhat different than those
discussed in [7]. We may still use the rigid rescaling and the rigid gauge symmetry to make
eΦ(ρ0) = 1 , χ(ρ0) ≡ A123(ρ0) = 0 (2.24)
at any but a specific point ρ0. We shall choose it to be the asymptotic infinity, which is
located at ρ = 0. It follows that
M˜(0) = diag{−1, 1} . (2.25)
This ensures that the solutions are asymptotic flat. We are now left with an SO(1, 1)
residual symmetry. However, unlike the previous SL(3,R) case, in which the SL(3,R) is
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part of the general coordinate transformations in D = 11, we have no reason to use this
residual symmetry further to put C˜ into the simpler canonical form obtained in [7]. Instead,
we should regard this SO(1, 1) as a nontrivial solution-generating symmetry group and write
down all of the solutions. In practice, it is convenient to use the canonical forms obtained
in [7] and then recover the full sets of inequivalent solutions by performing the SO(1, 1)
transformations. This leads to the following three classes of solutions.
Class i: C˜ has a pair of complex eigenvalues. Its canonical form is
C˜ =

0 −γ
γ 0

 . (2.26)
The corresponding M˜ is
M˜ =

− cos γρ sin γρ
sin γρ cos γρ

 . (2.27)
To restore the full SO(1, 1) multiplets, we perform a further SO(1, 1) transformation with
Λ˜ =

cosh θ sinh θ
sinh θ cosh θ

 , (2.28)
where θ is an arbitrary constant. The new M˜ is then given by
M˜ → Λ˜TM˜Λ˜ =

− cos γρ+ sin γρ sinh 2θ sin γρ cosh 2θ
sin γρ cosh 2θ cos γρ+ sin γρ sinh 2θ

 . (2.29)
Thus we have
e−Φ = cos γρ+ sin γρ sinh 2θ
χ =
sin γρ cosh 2θ
cos γρ+ sin γρ sinh 2θ
(2.30)
Class ii: C˜ has two real eigenvalues, with one timelike and one spacelike eigenvectors.
Its canonical form is
C˜ =

γ 0
0 −γ

 , (2.31)
and hence
M˜ =

−eγρ 0
0 e−γρ

 . (2.32)
A further SO(1, 1) transformation leads to
M˜ → Λ˜TM˜Λ˜ =

−(cosh γρ+ sinh γρ cosh 2θ) − sinh γρ sinh 2θ
− sinh γρ sinh 2θ cosh γρ− sinh γρ sinh 2θ

 . (2.33)
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Thus, we have
e−Φ = cosh γρ− sinh γρ cosh 2θ
χ = − sinh γρ sinh 2θ
cosh γρ− sinh γρ cosh 2θ (2.34)
Class iii: C˜ is rank 1 and all of its eigenvalues are zero. Its canonical form is
C˜ =

 Q Q
−Q −Q

 , (2.35)
which yields
M˜ =

−(1 +Qρ) −Qρ
−Qρ 1−Qρ

 . (2.36)
The further SO(1, 1) transformation leads to
M˜ → Λ˜TM˜Λ˜ =

−(1 + e2θQρ) −e2θQρ
−e2θQρ 1− e2θQρ

 . (2.37)
Thus we see that θ can be absorbed into the redefinition of Q. Thus, in general we have
e−Φ = 1−Qρ , χ = − Qρ
1−Qρ . (2.38)
We have thus obtained the solutions for both M and M˜. The combination of the two
gives rise to a total of 12 classes of solutions. It is straightforward to lift these solutions
back to D = 11 using the reduction ansatz discussed in section (2.1). These 12 classes of
solutions comprise the most general spherically symmetric M2-branes, with the isometry
group of R1,2 × SO(8).
2.3 Properties of the solutions
In the previous subsection, we have shown that there exist twelve different classes of spheri-
cally symmetric M2-branes. We shall now discuss their properties. To do this, we first make
a coordinate transformation so that the metric (2.7) is manifestly conformal flat, namely,
ds28 = g(r˜)(dr˜
2 + r˜2dΩ27) = (1 +
a
4r˜12
)
1
3 (dr˜2 + r˜2dΩ27) , (2.39)
where
r˜6 = 12(r
6 +
√
r6 − a ) . (2.40)
Thus we have
r6 =
4r˜12 + a
4r˜6
, f =
(1− a
4r˜12
)2
(1 + a
4r˜12
)2
, cos(6
√
aρ) =
1− a
4r˜12
1 + a
4r˜12
. (2.41)
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For a ≤ 0, there will be a naked curvature singularity at r˜12 = −a/4 in general. Note that
the point where e−Φ = 0 is also singular since the volume of the world volume becomes
infinite while that of the transverse space shrinks to zero. To see this, let us suppose that
e−Φ = 0 for a certain finite r˜ = r˜0 > 0, and we find that both ∂ρe−Φ and ∂r˜ρ are finite at
this point in all classes of the solutions. It follows that the metric must be singular at this
point, since
e−
Φ
3 ds28 ∼ (r˜ − r˜0)
1
3 (dr˜2 + r˜20dΩ
2
7) . (2.42)
When such a singularity is avoided by an appropriate choice of the parameters with a proper
value of γ, we would have regular solutions if r˜12 = −a/4 is a degenerate surface and thus
it is just a coordinate singularity. Such a solution is either a black hole or a Kaluza-Klein
bubble.
For a > 0, r˜12 = a/4 could be just a coordinate singularity and the metric can be
regular if there are no further singular terms from eΦ, which can be avoided if the point
coth γρ = − cosh 2θ (or cot γρ = sinh 2θ) is out of the range of our parameter except the
asymptotic point r˜ = 0. In this case, the range of r˜ can be extended to (0,∞). Note that
(2.39) and (2.41) are invariant under
r˜6 → a
4r˜6
, (2.43)
and thus (2.39) describes a wormhole connecting two asymptotic regions W0 and W∞ at
r˜ = 0 and ∞ respectively. From now on, we shall denote r˜ by r for simplicity.
Class I.i
This class of solutions is the one that combines Class I forM and Class i for M˜. Lifting
the solutions back to D = 11, we have
ds2 = e
2
3
Φ
(
eαρ cos βρ(dz21 − dt2) + 2eαρ sinβρdtdz1 + e−2αρdz22
)
+e−
1
3
Φ(1 + a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) =
sin γρ cosh 2θ
cos γρ+ sin γρ sinh 2θ
dt ∧ dz1 ∧ dz2 , (2.44)
where
e−Φ = cos γρ+ sin γρ sinh 2θ , cos(6
√
aρ) =
1− a
4r12
1 + a
4r12
,
β2 + γ2 − 3α2 = 84a . (2.45)
If a ≤ 0, then (−a/4) 112 < r < ∞ corresponds to −∞ < ρ < 0. There is always a naked
curvature singularity at cot γρ = − sinh 2θ. If a > 0, the range for r is 0 < r < ∞,
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corresponding to −π < 6√aρ < 0. The point r = (a/4) 112 corresponds to 6√aρ = π/2. To
avoid the possible curvature singularity at cot γρ = − sinh 2θ, we must have
−
πγ
6
√
a
≥ −arccot(sinh 2θ) > −π for γ > 0 ,
− πγ
6
√
a
≤ arccot(− sinh 2θ) < π for γ < 0 .
(2.46)
The solutions then describe smooth M2-brane wormholes that connect two asymptotic re-
gions. One asymptotic region lies at r →∞, for which we have
ρ→ − 1
6r6
, e−Φ → 1− γ sinh 2θ
6r6
. (2.47)
It follows that
ds2 →
(
1 +
(
2
3γ sinh 2θ − α
) 1
6r6
)
(−dt2 + dz21)−
2β
6r6
dtdz1
+
(
1 +
(
2
3γ sinh 2θ + 2α
) 1
6r6
)
dz22 + (1−
γ sinh 2θ
18r6
)(dr2 + r2dΩ27) ,
A(3) → −γ cosh 2θ
6r6
dt ∧ dz1 ∧ dz2 . (2.48)
We shall call this asymptotic regionW∞, which is the eleven-dimensional Mankowski space-
time. The ADM mass can be calculated from the subleading terms of this asymptotic region,
given by
M =
∫
r→∞
d7Σm(∂nhmn − ∂mhii) = Ω7(α− γ sinh 2θ) , (2.49)
where
Ωp−1 =
2π
p
2
Γ(p2 )
(2.50)
is the volume of the unit sphere Sp. The momentum along the z1 direction is
P1 = βΩ7 . (2.51)
The M2-brane charge is
QM2 =
∫
r→∞
∗F (4) =
∫
r→∞
d7ΣmFm012 = γ cosh(2θ)Ω7 . (2.52)
The other asymptotic region is at r = 0, which we shall denote as W0. When the
inequality of (2.46) is strictly held, W0 is an asymptotically flat region. To see this, let us
define R6 = a/4r6. For r → 0, we have
ρ → 1
6R6
− π
6
√
a
,
e−Φ →
[
cos
(
γπ
6
√
a
)
− sin
(
γπ
6
√
a
)
sinh 2θ
]1 + sin
(
γπ
6
√
a
)
+ cos
(
γπ
6
√
a
)
sinh 2θ
cos
(
γπ
6
√
a
)
− sin
(
γπ
6
√
a
)
sinh 2θ
γ
6R6


10
= A(1 +
γB
6R6
) , (2.53)
where
A = cos (
γπ
6
√
a
)− sin ( γπ
6
√
a
) sinh 2θ , B =
sin ( γπ
6
√
a
) + cos ( γπ
6
√
a
) sinh 2θ
cos ( γπ
6
√
a
)− sin ( γπ
6
√
a
) sinh 2θ
. (2.54)
Making the follow coordinate redefinition
z˜1 = A
− 1
3 e
− απ
12
√
a
[
z1 cos
(
βπ
12
√
a
)
− t sin
(
βπ
12
√
a
)]
,
t˜ = A−
1
3 e
− απ
12
√
a
[
z1 sin
(
βπ
12
√
a
)
+ t cos
(
βπ
12
√
a
)]
,
z˜2 = A
− 1
3 e
απ
6
√
a z2 , (2.55)
we have
ds2 →
[
1− (23γB − α)
1
6R6
]
(−dt˜2 + dz˜21) +
2β
6R6
dt˜dz˜1 +
[
1− (23γB + 2α)
1
6R6
]
dz˜22
+(1 +
γB
18R6
)A
1
3 (dR2 +R2dΩ27) ,
A(3) → −A−1 cosh 2θ sin
(
γπ√
a
)[
1− γ
(
cot
(
γπ
6
√
a
)
+B
)
1
6R6
]
dt ∧ dz1 ∧ dz2
= − cosh 2θ sin
(
γπ
6
√
a
)[
1− γ
6AR6 sin ( γπ
6
√
a
)
]
dt˜ ∧ dz˜1 ∧ dz˜2 . (2.56)
The ADM mass, momentum, and M2 charges, measured in W0, are given by, respectively,
M = (γB − α)AΩ7, P1 = −βAΩ7 , QM2 = −γ cosh(2θ)Ω7 . (2.57)
If, instead, the equality in (2.46) is held, namely,
−
γ π
6
√
a
= −arccot(sinh 2θ) > −π for γ > 0 ,
− γ π
6
√
a
= arccot(− sinh 2θ) < π for γ < 0 ,
(2.58)
the asymptotic region W0 becomes AdS4 × S7. This can be seen easily since we have
e−Φ → γ sin
(
γπ
6
√
a
)
cosh2 2θ
1
6R6
. (2.59)
Class I.ii
The solution is
ds2 = e
2
3
Φ(eαρ cos βρ(dz21 − dt2) + 2eαρ sin βρdtdz1 + e−2αρdz22)
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+e−
1
3
Φ(1 +
a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) = − sinh γρ sinh 2θ
cosh γρ− sinh γρ cosh 2θdt ∧ dz
1 ∧ dz2 , (2.60)
where
e−Φ = cosh γρ− sinh γρ cosh 2θ , cos(6√aρ) = 1−
a
4r12
1 + a
4r12
,
β2 − γ2 − 3α2 = 84a . (2.61)
In the case of a ≤ 0, the coordinate r lies in the range of (−a/4) 112 < r <∞, corresponding
to −∞ < ρ < 0. For γ < 0, there is curvature singularity at coth γρ = cosh 2θ , and the
range of ρ lies in γ−1arccoth(cosh 2θ) < ρ < 0. For γ ≥ 0, the range of ρ is −∞ < ρ < 0,
and r = (−a/4) 112 is a naked singularity in general, except for the case of the M2-brane
bubble, arising at
α = −23γ ,
γ√−a = 6 , β = 0 . (2.62)
The solution is a double Wick rotation of a black M2-brane [21], analogous to the Kaluza-
Klein bubble which is a double Wick rotation of a black hole.
In the case of a > 0, we have 0 < r <∞, corresponding to −π < 6√aρ < 0. The point
r = (a/4)
1
12 corresponds to 6
√
aρ = π/2. To avoid the possible curvature singularity at
coth γρ = cosh 2θ, we must have
− γπ
6
√
a
≤ arccoth(cosh 2θ) . (2.63)
The solutions describe wormholes that connect two asymptotic regions W∞ and W0 at
r =∞ and r = 0, respectively.
As r →∞, we have
ρ→ − 1
6r6
, e−Φ → 1 + γ cosh 2θ
6r6
, (2.64)
and then
ds2 →
[
1− (23γ cosh 2θ + α) 16r6
]
(−dt2 + dz21)−
2β
6r6
dtdz1
+
[
1− (23γ cosh 2θ − 2α) 16r6
]
dz22 + (1 +
γ cosh 2θ
18r6
)(dr2 + r2dΩ27) ,
A(3) → γ sinh 2θ
6r6
dt ∧ dz1 ∧ dz2 . (2.65)
Thus the asymptotic region W∞ is flat. The ADM mass, momentum, and M2 charges are
given by, respectively,
M = (α+ γ cosh 2θ)Ω7 , P1 = βΩ7 , QM2 = −γ sinh(2θ)Ω7 . (2.66)
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We now look at the asymptotic region W0, which is also flat if the inequality (2.63) is
strictly held. Let us define R6 = a/4r6, and we have
ρ → 1
6R6
− π
6
√
a
,
e−Φ →
[
cosh ( γπ
6
√
a
) + sinh ( γπ
6
√
a
) cosh 2θ
] [
1−
sinh ( γπ
6
√
a
) + cosh ( γπ
6
√
a
) cosh 2θ
cosh ( γπ
6
√
a
) + sinh ( γπ
6
√
a
) cosh 2θ
γ
6R6
]
= A(1 +
γB
6R6
) , (2.67)
where
A = cosh ( γπ
6
√
a
) + sinh ( γπ
6
√
a
) cosh 2θ , B = −
sinh ( γπ
6
√
a
) + cosh ( γπ
6
√
a
) cosh 2θ
cosh ( γπ
6
√
a
) + sinh ( γπ
6
√
a
) sinh 2θ
. (2.68)
Introducing new asymptotic coordinates
z˜1 = A
− 1
3 e
− απ
12
√
a
[
z1 cos (
βπ
12
√
a
)− t sin ( βπ
12
√
a
)
]
,
t˜ = A−
1
3 e
− απ
12
√
a
[
z1 sin (
βπ
12
√
a
) + t cos ( βπ
12
√
a
)
]
,
z˜2 = A
− 1
3 e
απ
6
√
a z2 , (2.69)
we obtain
ds2 →
[
1− (23γB − α) 16R6
]
(−dt˜2 + dz˜21) +
β
3R6
dt˜dz˜1 +
[
1− (23γB + 2α) 16R6
]
dz˜22
+(1 +
γB
18R6
)A
1
3 (dR2 +R2dΩ27) ,
A(3) → A−1 sinh 2θ sinh
(
γπ
6
√
a
)[
1−
(
coth
(
γπ
6
√
a
)
+B
)
γ
6R6
]
dt ∧ dz1 ∧ dz2
= sinh 2θ sinh
(
γπ
6
√
a
)[
1− γ
6AR6 sinh ( γπ
6
√
a
)
]
dt˜ ∧ dz˜1 ∧ dz˜2 . (2.70)
Indeed, the metric is flat when R → ∞. The ADM mass, momentum and M2 charges are
given by, respectively,
M = (γB − α)AΩ7 , P1 = −βAΩ7 , QM2 = γ sinh(2θ)Ω7 . (2.71)
If, on the other hand, the equality in (2.63) is held, thenW0 is asymptotically AdS4×S7.
This is because
e−Φ → sinh
(
γπ
6
√
a
)
sinh2 2θ
γ
6R6
. (2.72)
Class I.iii
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The solution is
ds2 = e
2
3
Φ(eαρ cos βρ(dz21 − dt2) + 2eαρ sin βρdtdz1 + e−2αρdz22)
+e−
1
3
Φ(1 +
a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) = − Qρ
1−Qρdt ∧ dz
1 ∧ dz2 (2.73)
where
e−Φ = 1−Qρ , cos(6√aρ) = 1−
a
4r12
1 + a
4r12
, β2 − 3α2 = 84a . (2.74)
In the case of a ≤ 0, we have (−a/4) 112 < r < ∞, and correspondingly, the range of ρ is
−∞ < ρ < 0. For Q < 0, there is a curvature singularity at Qρ = 1 , and the range of ρ
is Q−1 < ρ < 0. For Q ≥ 0, the range of ρ is −∞ < ρ < 0, and r = (−a/4) 112 is singular,
except for the extremal case α = β = 0.
In the case of a > 0, we have 0 < r < ∞, and hence −π < 6√aρ < 0. The point
of r = (a/4)
1
12 corresponds to 6
√
aρ = π/2 . To avoid the possible curvature singularity
associated with singular eΦ, we need
− Qπ
6
√
a
≤ 1 . (2.75)
The asymptotic region W∞ at r →∞ is flat. To see this, we note that
ρ→ − 1
6r6
, e−Φ → 1 + Q
6r6
. (2.76)
It follows that
ds2 →
(
1− (23Q+ α) 16r6
)
(−dt2 + dz21)−
2β
6r6
dtdz1 +
(
1− (23Q− 2α)
1
6r6
)
dz22
+(1 +
Q
18r6
)(dr2 + r2dΩ27) ,
A(3) → Q
6r6
dt ∧ dz1 ∧ dz2 . (2.77)
The ADM mass, momentum, and M2 charges are given by, respectively
M = (α+Q)Ω7 , P1 = βΩ7 , QM2 = −QΩ7 . (2.78)
The asymptotic region W0 at r = 0 is also flat, provided that the inequality of (2.75) is
strictly held. Let us define R6 = a/4r6, and then
ρ → 1
6R6
− π
6
√
a
,
e−Φ → 1 + Qπ
6
√
a
− Q
6R6
= A(1− Q
6AR6
) , (2.79)
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where
A = 1 +
Qπ
6
√
a
. (2.80)
Further introducing new asymptotic coordinates
z˜1 = A
− 1
3 e
− απ
12
√
a
(
z1 cos (
βπ
12
√
a
)− t sin ( βπ
12
√
a
)
)
,
t˜ = A−
1
3 e
− απ
12
√
a
(
z1 sin (
βπ
12
√
a
) + t cos ( βπ
12
√
a
)
)
,
z˜2 = A
− 1
3 e
απ
6
√
a z2 , (2.81)
we have
ds2 →
(
1 + (2Q3A + α)
1
6R6
)
(−dt˜2 + dz˜21) +
2β
6R6
dt˜dz˜1 +
(
1 + (2Q3A − 2α)
1
6R6
)
dz˜22
+(1− Q
18AR6
)A
1
3 (dR2 +R2dΩ27) ,
A(3) → Qπ
6
√
a
(
1−
√
a
πAR6
)
dt˜ ∧ dz˜1 ∧ dz˜2 . (2.82)
The ADM mass, momentum, and M2 charges are given by, respectively,
M = −(Q+ αA)Ω7 , P1 = −βAΩ7 , QM2 = QΩ7 . (2.83)
If on the other hand, the equality in (2.75) is held, we have
e−Φ → − Q
6R6
. (2.84)
It follows that the asymptotic region W0 is AdS4 × S7. This solution was obtained and
discussed in detail in [22].
Thus we see that all class I.i, class I.ii and class I.iii solutions contain M2-brane worm-
holes that smoothly connect two asymptotic regions. One asymptotic region is always flat,
while the other can be either flat or AdS4 × S7.
Class II.i
The solution is
ds2 = e
2
3
Φ
(
−eα1ρdt2 + eα2ρdz21 + e−(α1+α2)ρdz22
)
+ e−
1
3
Φ(1 +
a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) =
sin γρ cosh 2θ
cos γρ+ sin γρ sinh 2θ
dt ∧ dz1 ∧ dz2 , (2.85)
where
e−Φ = cos γρ+ sin γρ sinh 2θ , cos(6
√
aρ) =
1− a
4r12
1 + a
4r12
,
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γ2 − α21 − α22 − α1α2 = 84a . (2.86)
If a ≤ 0, (−a/4) 112 < r <∞ corresponds to −∞ < ρ < 0. There is always a naked curvature
singularity at cot γρ = − sinh 2θ. If a > 0, 0 < r <∞ corresponds to −π < 6√aρ < 0 and
r = (a/4)
1
12 corresponds to 6
√
aρ = π/2 . To avoid the possible curvature singularity at
cot γρ = − sinh 2θ, we must have
−
γπ
6
√
a
≥ −arccot(sinh 2θ) > −π for γ > 0 ,
− γπ
6
√
a
≤ arccot(− sinh 2θ) < π for γ < 0 .
(2.87)
However, from the constraint, we find that | γ√
a
| > 2√21 > 6. Thus the naked curvature
singularity at cot γρ = − sinh 2θ is unavoidable, and there is no regular solution in this
class. The special case with α1 = α2 = 0 was obtained and discussed in detail in [20].
Class II.ii
The solution is
ds2 = e
2
3
Φ
(
−eα1ρdt2 + eα2ρdz21 + e−(α1+α2)ρdz22
)
+ e−
1
3
Φ(1 +
a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) = − sinh γρ sinh 2θ
cosh γρ− sinh γρ cosh 2θdt ∧ dz
1 ∧ dz2 , (2.88)
where
e−Φ = cosh γρ− sinh γρ cosh 2θ , cos(6√aρ) = 1−
a
4r12
1 + a
4r12
,
−γ2 − α21 − α22 − α1α2 = 84a . (2.89)
In this class we always have a ≤ 0. Then the range (−a/4) 112 < r < ∞ corresponds to
−∞ < ρ < 0. In the case γ < 0, there is a curvature singularity at coth γρ = cosh 2θ, and
the range of ρ should be γ−1arccoth(cosh 2θ) < ρ < 0. In the case γ ≥ 0, the range of ρ
should be −∞ < ρ < 0, and r = (−a/4) 112 is singular in general, except in the cases when
the black M2-brane (or its double Wick rotation counterpart M2-brane bubble (2.62) which
is shared by classes I.ii and II.ii ) arises, namely,
α1 = −2α2 , α2 = −23γ ,
γ√−a = 6 . (2.90)
Another special case with α1 = α2 = 0 was obtained and discussed in detail in [19, 20].
Class II.iii
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The solution is
ds2 = e
2
3
Φ
(
−eα1ρdt2 + eα2ρdz21 + e−(α1+α2)ρdz22
)
+ e−
1
3
Φ(1 +
a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) = − Qρ
1−Qρdt ∧ dz
1 ∧ dz2 , (2.91)
where
e−Φ = 1−Qρ , cos(6√aρ) = 1−
a
4r12
1 + a
4r12
,
−α21 − α22 − α1α2 = 84a . (2.92)
In this class we always have a ≤ 0. Then (−a/4) 112 < r < ∞ corresponds to −∞ < ρ < 0.
In the case Q < 0, there is a curvature singularity at Qρ = 1 , and the range of ρ should be
Q−1 < ρ < 0. In the case Q ≥ 0, the range of ρ should be −∞ < ρ < 0, and r = (−a/4) 112
is the singularity except for the extremal case α1 = α2 = 0, which corresponds to the BPS
M2-brane [12].
Class III.i
The solution is
ds2 = e
2
3
Φ
{
eαρ
[
−(1 + Q˜ρ)dt2 − 2Q˜ρdtdz1 + (1− Q˜ρ)dz21
]
+ e−2αρdz22
}
+e−
1
3
Φ(1 +
a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) =
sin γρ cosh 2θ
cos γρ+ sin γρ sinh 2θ
dt ∧ dz1 ∧ dz2 , (2.93)
where
e−Φ = cos γρ+ sin γρ sinh 2θ , cos(6
√
aρ) =
1− a
4r12
1 + a
4r12
,
γ2 − 3α2 = 84a . (2.94)
If a ≤ 0, the coordinate range (−a/4) 112 < r < ∞ corresponds to −∞ < ρ < 0. There
should always be a curvature singularity at cot γρ = − sinh 2θ where ρ is finite. If a > 0,
0 < r < ∞ corresponds to −π < 6√aρ < 0, and r = (a/4) 112 corresponds to 6√aρ = π/2 .
To avoid the possible curvature singularity at cot γρ = − sinh 2θ, we need
−
γπ
6
√
a
≥ −arccot(sinh 2θ) > −π for γ > 0 ,
− γπ
6
√
a
≤ arccot(− sinh 2θ) < π for γ < 0 .
(2.95)
On the other hand, we find | γ√
a
| > 2√21 > 6. Thus the curvature singularity at cot γρ =
− sinh 2θ is unavoidable.
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Class III.ii
The solution is
ds2 = e
2
3
Φ
{
eαρ
[
−(1 + Q˜ρ)dt2 − 2Q˜ρdtdz1 + (1− Q˜ρ)dz21
]
+ e−2αρdz22
}
+e−
1
3
Φ(1 +
a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) = − sinh γρ sinh 2θ
cosh γρ− sinh γρ cosh 2θdt ∧ dz
1 ∧ dz2 , (2.96)
where
e−Φ = cosh γρ− sinh γρ cosh 2θ , cos(6√aρ) = 1−
a
4r12
1 + a
4r12
,
−γ2 − 3α2 = 84a . (2.97)
In this class we always have a ≤ 0. Then (−a/4) 112 < r < ∞ corresponds to −∞ < ρ < 0.
In the case γ < 0, there is a curvature singularity at coth γρ = cosh 2θ, and the range
of ρ should be γ−1arccoth(cosh 2θ) < ρ < 0. In the case γ ≥ 0, the range of ρ should
be −∞ < ρ < 0, and r = (−a/4) 112 is the singularity in general except for the M2-brane
bubbles arising at
α = −23γ ,
γ√−a = 6. (2.98)
Class III.iii
The solution is
ds2 = e
2
3
Φ
{
eαρ
[
−(1 + Q˜ρ)dt2 − 2Q˜ρdtdz1 + (1− Q˜ρ)dz21
]
+ e−2αρdz22
}
+e−
1
3
Φ(1 +
a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) = − Qρ
1−Qρdt ∧ dz
1 ∧ dz2 , (2.99)
where
e−Φ = 1−Qρ , cos(6√aρ) = 1−
a
4r12
1 + a
4r12
, −3α2 = 84a . (2.100)
In this class we always have a ≤ 0. Then (−a/4) 112 < r < ∞ corresponds to −∞ < ρ < 0.
In the case Q < 0, there is a curvature singularity at Qρ = 1 , and the range of ρ should be
Q−1 < ρ < 0. In the case Q ≥ 0, the range of ρ should be −∞ < ρ < 0, and r = (−a/4) 112
is the singularity except for the extremal case α = 0. In this limit, we have ρ ∼ 1/r6, and
the solution describes a pp-wave of momentum Q propagating in the worldvolume of a BPS
M2-brane.
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Class IV.i
The solution is
ds2 = e
2
3
Φ
[− (1 + αρ cos 2β − 18α2ρ2 sin2 2β) dt2 + (1− αρ cos 2β + 18α2ρ2 sin2 2β) dz21
−2 (αρ cos 2β − 18α2ρ2 sin2 2β) dtdz1 + αρ sin 2βdtdz2 + αρ sin 2βdz1dz2 + dz22]
+e−
1
3
Φ(1 +
a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) =
sin γρ cosh 2θ
cos γρ+ sin γρ sinh 2θ
dt ∧ dz1 ∧ dz2 , (2.101)
where
e−Φ = cos γρ+ sin γρ sinh 2θ , cos(6
√
aρ) =
1− a
4r12
1 + a
4r12
,
γ2 = 84a . (2.102)
In this case we always have a > 0. Then 0 < r < ∞ corresponds to −π < 6√aρ < 0, and
r = (a/4)
1
12 corresponds to 6
√
aρ = π/2 . To avoid the possible curvature singularity at
cot γρ = − sinh 2θ, we need
−
γπ
6
√
a
≥ −arccot(sinh 2θ) > −π for γ > 0 ,
− γπ
6
√
a
≤ arccot(− sinh 2θ) < π for γ < 0 .
(2.103)
On the other hand, we find | γ√
a
| = 2√21 > 6. Thus the curvature singularity at cot γρ =
− sinh 2θ is unavoidable, and there is no regular solution in this class.
Class IV.ii
The solution is
ds2 = e
2
3
Φ
[− (1 + αρ cos 2β − 18α2ρ2 sin2 2β) dt2 + (1− αρ cos 2β + 18α2ρ2 sin2 2β) dz21
−2 (αρ cos 2β − 18α2ρ2 sin2 2β) dtdz1 + αρ sin 2βdtdz2 + αρ sin 2βdz1dz2 + dz22]
+e−
1
3
Φ(1 +
a
4r12
)
1
3 (dr2 + r2dΩ27) ,
A(3) = − sinh γρ sinh 2θ
cosh γρ− sinh γρ cosh 2θdt ∧ dz
1 ∧ dz2 (2.104)
where
e−Φ = cosh γρ− sinh γρ cosh 2θ , cos(6√aρ) = 1−
a
4r12
1 + a
4r12
,
−γ2 = 84a . (2.105)
In this class we always have a ≤ 0. Then (−a/4) 112 < r < ∞ corresponds to −∞ < ρ < 0.
In the case γ < 0, there is a curvature singularity at coth γρ = cosh 2θ, and the range of
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ρ should be γ−1arccoth(cosh 2θ) < ρ < 0. In the case γ ≥ 0, the range of ρ should be
−∞ < ρ < 0, and r = (−a/4) 112 is the singularity except the γ = 0 limit which is the
tachyon wave, obtained in [7].
Class IV.iii
In this class we always have a = 0. The solution is
ds2 = e
2
3
Φ
[− (1 + αρ cos 2β − 18α2ρ2 sin2 2β) dt2 + (1− αρ cos 2β + 18α2ρ2 sin2 2β) dz21
−2 (αρ cos 2β − 18α2ρ2 sin2 2β) dtdz1 + αρ sin 2βdtdz2 + αρ sin 2βdz1dz2 + dz22]
+e−
1
3Φ(dr2 + r2dΩ27) ,
A(3) = − Qρ
1−Qρdt ∧ dz
1 ∧ dz2 , (2.106)
where
e−Φ = 1−Qρ , ρ = − 1
6r6
. (2.107)
The range 0 < r <∞ corresponds to −∞ < ρ < 0. In the case Q < 0, there is a curvature
singularity at Qρ = 1 , and the range of ρ should be Q−1 < ρ < 0. In the case Q ≥ 0, the
range of ρ should be −∞ < ρ < 0, and r = 0 is nonsingular. This configuration describes a
tachyon wave propagating in the M2-brane, obtained in [7].
Table 1: Solutions without a naked singularity
Class Parameter regimes Description
I.i a > 0, γ > 0, − πγ
6
√
a
≥ −arccot(sinh 2θ) Wormhole
I.i a > 0, γ < 0, − πγ
6
√
a
≤ arccot(− sinh 2θ) Wormhole
I.ii a > 0, − πγ
6
√
a
≤ arccoth(cosh 2θ) Wormhole
I.ii (also in II.ii) a < 0, γ = 6
√−a, α = −4√−a, β = 0 M2 bubble
I.iii a > 0, − πQ
6
√
a
≤ 1 Wormhole
I.iii (also in II.iii) a = α = β = 0, Q ≥ 0 BPS M2 brane
II.ii a < 0, γ = 6
√−a, α2 = −4
√−a, α1 = 8
√−a Black M2 brane
III.ii a < 0, γ = 6
√−a, α = −4√−a M2 bubble with pp-wave
III.iii a = α = 0, Q ≥ 0 pp-wave on BPS M2 brane
IV.iii a = 0, Q ≥ 0 Tachyon wave on BPS M2 brane
In summary, we have obtained the most general spherically symmetric M2-branes. We
found that there are a total of twelve classes of solutions. All of the solutions without a
naked singularity are listed in Table 1.
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3 The traversability of wormholes
We have obtained the most general spherically symmetric M2-branes in the previous sec-
tions. From Table 1, we can find that the class I.i, I.ii, and I.iii solutions with appropriate
parameters describe smooth wormholes that connect two asymptotic regions. We have ob-
tained their ADM masses, linear momenta, as well as the M2 charges measured in each
asymptotic region. In this section, we discuss the traversability of these wormholes. The
traversability of higher-dimensional Ricci-flat wormholes was discussed in [17].
3.1 Geodesic motion
The metrics of the class I.i, I.ii, and I.iii solutions have the same form. The Lagrangian for
geodesic motion is given by
L = 12gµν x˙µx˙ν
= 12e
− 1
3
Φ
(
1 +
a
4r12
) 1
3
[
r˙2 + r2(θ˙21 + sin
2 θ1 θ˙
2
2 + · · ·+ sin2 θ1 . . . sin2 θ6 θ˙27)
]
+12e
2
3
Φ−2αρz˙22 +
1
2e
2
3
Φ+αρ
[
cos βρ (z˙21 − t˙2) + 2 sin βρ t˙z˙1
]
. (3.1)
where a dot denotes a derivative with respect to the proper time τ . The conserved quantities
are
J = e−
1
3
Φ
(
1 +
a
4r12
) 1
3
r2 sin2 θ1 . . . sin
2 θ6 θ˙7 ,
E = e
2
3
Φ+αρ(cos βρ t˙− sinβρ z˙) ,
p1 = e
2
3
Φ+αρ(cos βρ z˙ + sin βρ t˙) ,
p2 = e
2
3Φ−2αρz˙2 . (3.2)
By the SO(8) symmetry, we can choose an appropriate coordinate system for any given
geodesic such that θi ≡ 12π (i = 1, 2, . . . , 6). The Lagrangian itself is a constant for geodesic
motions, i.e., L = −12ǫ, where ǫ = 1, 0,−1 for the timelike, null and spacelike geodesics
respectively. It follows that we have
e−
1
3
Φ
(
1 +
a
4r12
)1
3
r˙2 = −ǫ− e 13Φ
(
1 +
a
4r12
)− 1
3 J2
r2
− e− 23Φ+2αρp22 + V , (3.3)
where the potential is
V = e−
2
3
Φ−αρ [(E2 − p21) cos βρ+ 2Ep1 sin βρ]
= e−
2
3
Φ−αρ(E2 + p21) cos (βρ− λ) , (3.4)
where
λ = arcsin
(
2Ep1
E2 + p21
)
. (3.5)
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The asymptotic regions W∞ and W0 correspond to ρ = 0 and ρ = − π6√a respectively.
For the class I.i, we have γ2 π
2
36a < π
2, and thus β2 π
2
36a ≥ (84a − γ2) π
2
36a >
4π2
3 . For the
classes I.ii and I.iii, we have β2 π
2
36a ≥ 84a π
2
36a =
7π2
3 . It follows that the range of the angle
βρ from W∞ to W0 is always larger than π. Therefore V must take some negative values
in some region of r, and the wormhole is not traversable for both the timelike and null
geodesics.
3.2 Timelike trajectories
We now consider traversable timelike trajectories. The metric of the wormholes can be
recast into
ds2 = e
2
3
Φ+αρ(sin 12βρ du+ cos
1
2βρ dv)(sin
1
2βρ dv − cos 12βρ du) + e
2
3
Φ−2αρdz22
+e−
1
3
Φ
(
1 +
a
4r12
)1
3 [
dr2 + r2 dΩ27
]
, (3.6)
where (u, v) are light-cone coordinates, defined by
u = t− z1 , v = t+ z1 . (3.7)
To get the timelike trajectory from W+ to W−, let us consider
u = η(cot 12(βρ+ c) + 1)
2 cos 12c− η(cot 12 (βρ+ c)− 1)2 sin 12c+ c1 ,
v = η(cot 12(βρ+ c)− 1)2 cos 12c+ η(cot 12 (βρ+ c) + 1)2 sin 12c+ c2 , (3.8)
where η, c, c1, c2 are arbitrary constants. We have
sin 12βρu
′ + cos 12βρ v
′ = cos 12βρu
′ − sin 12βρ v′
= − ηβ
sin3 12(βρ+ c)
dρ
dr
=
ηβ
sin3 12(βρ+ c)
sin (6
√
aρ)√
ar
, (3.9)
where a prime denotes a derivative with respect to r. Then the timelike condition
e
2
3Φ+αρ(sin 12βρu
′ + cos 12βρ v
′)(sin 12βρ v
′ − cos 12βρu′) + e−
1
3Φ
(
1 +
a
4r12
)1
3
< 0 (3.10)
implies
η2β2 eΦ+αρ
sin6(12(βρ+ c)) r
14
(
1 + a
4r12
) 7
3
> 1 . (3.11)
Note that
η2β2 eΦ+αρ
sin6(12(βρ+ c)) r
14
(
1 + a
4r12
) 7
3
≥ η
2β2 eΦ+αρ
r14
(
1 + a
4r12
) 7
3
≥ 0 , (3.12)
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and 0 is only possible for r → 0,∞. From the continuation of the expression of the left-hand
side of (3.11), its minimum in the region r > (a/4)1/12 must be greater than 0 if it is greater
than 0 at W∞; its minimum in the region 0 < r < (a/4)1/12 must be also greater than 0 if
it is greater than 0 at W0. The most relevant example for the former case is c = 0 where
η2β2 eΦ+αρ
sin6(12βρ) r
14
(
1 + a
4r12
) 7
3
→∞ , as r →∞, (3.13)
while the most relevant example for the later case is c = βπ
6
√
a
where
η2β2 eΦ+αρ
sin6(12βρ+
βπ
12
√
a
) r14
(
1 + a
4r12
) 7
3
→∞ , as r → 0 . (3.14)
Thus along the trajectories
T∞ :

 u = η∞(cot
1
2βρ+ 1)
2 + c1,
v = η∞(cot 12βρ− 1)2 + c2,
(3.15)
T0 :


u = η0(cot(
1
2βρ+
βπ
12
√
a
) + 1)2 cos βπ
12
√
a
−η0(cot(12βρ+ βπ12√a)− 1)2 sin βπ12√a + d1,
v = η0(cot(
1
2βρ+
βπ
12
√
a
)− 1)2 cos βπ
12
√
a
+η0(cot(
1
2βρ+
βπ
12
√
a
) + 1)2 sin βπ
12
√
a
+ d2.
(3.16)
with sufficiently large η2∞,0, one could travel from W∞,0 to the throat of wormhole r =
(a/4)
1
12 , respectively. If the two trajectories could be matched in r = (a/4)
1
12 smoothly,
then one could travel from W∞ to W0.
For the trajectories (3.15) and (3.16) matching at r = (a/4)1/12, we need
c1=d1 +
(
cot( βπ
24
√
a
) + 1
)2
η0 cos
βπ
12
√
a
−
(
cot( βπ
24
√
a
)− 1
)2 (
η0 sin
βπ
12
√
a
+ η∞
)
,
c2=d2 +
(
cot( βπ
24
√
a
)− 1
)2
η0 cos
βπ
12
√
a
+
(
cot( βπ
24
√
a
) + 1
)2 (
η0 sin
βπ
12
√
a
− η∞
)
. (3.17)
For the trajectories matching smoothly, we further require both sin 12βρu
′ + cos 12βρ v
′ and
cos 12βρ u
′ − sin 12βρ v′ to match at r = (a/4)1/12. From (3.9) we know that it is satisfied
when
η∞ = −η0. (3.18)
In conclusion, our example for timelike trajectories from W∞ to W0 is
u =


−η(cot 12βρ+ 1)2 + η
(
cot( βπ
24
√
a
) + 1
)2
cos βπ
12
√
a
−η
(
cot( βπ
24
√
a
)− 1
)2 (
sin βπ
12
√
a
− 1
)
+ d1 , (r > (
1
4a)
1
12 ) ;
η(cot(12βρ+
βπ
12
√
a
) + 1)2 cos βπ
12
√
a
−η(cot(12βρ+ βπ12√a)− 1)2 sin
βπ
12
√
a
+ d1 , (r < (
1
4a)
1
12 ) ;
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v =


−η(cot 12βρ− 1)2 + η
(
cot( βπ
24
√
a
)− 1
)2
cos βπ
12
√
a
+η
(
cot( βπ
24
√
a
) + 1
)2 (
sin βπ
12
√
a
+ 1
)
+ d2 , (r > (
1
4a)
1
12 ) ;
η(cot(12βρ+
βπ
12
√
a
)− 1)2 cos βπ
12
√
a
+η(cot(12βρ+
βπ
12
√
a
) + 1)2 sin βπ
12
√
a
+ d2 , (r < (
1
4a)
1
12 ) ,
(3.19)
where η is large enough.
The Lagrangian for this trajectory
2L = e 23Φ+αρ(sin 12βρ u˙+ cos 12βρ v˙)(sin 12βρ v˙ − cos 12βρ u˙) + e−
1
3
Φ
(
1 +
a
4r12
) 1
3
r˙2
= −1 (3.20)
implies
r˙ =


−
(
η2β2 e
2
3Φ+αρ
sin6(
1
2βρ) r
14
“
1+
a
4r12
”2 − e− 13Φ
(
1 + a4r12
) 1
3
)− 1
2
,
(r > (14a)
1
12 ) ;
−
(
η2β2 e
2
3Φ+αρ
sin6(
1
2βρ+
βpi
12
√
a
) r14
“
1+ a
4r12
”2 − e− 13Φ
(
1 + a4r12
) 1
3
)− 1
2
,
(r < (14a)
1
12 ) .
(3.21)
The radial velocity is zero at infinity and finite everywhere. Since the velocity is analytic
except r = (a/4)1/12 and continuous everywhere, the acceleration r¨ should be finite every-
where and would not be continuous only at r = (a/4)1/12. As a check, let us consider the
simple case which is in class I.i with γ = α = 0. In this case, we have
r¨ = −1
2
r˙4

 η2β2
sin6(12βρ+ c) r
14
(
1 + a
4r12
)2
(
6a
r13
(
1 +
a
4r12
)−1
− 14
r
+
3β sin 6
√
aρ√
ar
cot(12βρ+ c)
)
+
a
r13
(
1 +
a
4r12
)− 2
3
]
, (3.22)
where
c =

 0 , (r > (
1
4a)
1
12 ) ;
βπ
12
√
a
, (r < (14a)
1
12 ) .
(3.23)
Note that ρ = − π
12
√
a
at r = (a/4)1/12, and thus r¨ has a jump at this point coming from
the cot(12βρ+ c) term. At any other point, the expression of r¨ is regular.
The proper acceleration is given by
Aµ = U˙µ + ΓµνρU
ν Uρ , (3.24)
24
where Uµ = x˙µ. Its explicit expression is rather complicated. However, we can choose a
coordinate system where the relevant Γuνρ are finite everywhere while U
µ is analytic except
r = (a/4)1/12 and continues everywhere. Therefore the proper acceleration should also be
finite everywhere and not continuous only at r = 0. In conclusion, we have obtained a
timelike trajectory from W∞ to W0 which is regular everywhere except r = (a/4)1/12 where
the acceleration would have a jump. Such a trajectory is physically acceptable.
4 General spherically symmetric type IIB strings
The SL(3,R)SO(1,2) × SL(2,R)SO(1,1) scalar coset, which we used to construct the most general spherically
symmetric M2-branes, can also arise from the dimension reduction of type IIB supergravity
on R1,1. The bosonic type IIB action in the Einstein frame is given by [23, 24]
SIIB =
∫
d10x
√
−G
(
R− 12(∂φ)2 − 12e2φ(∂χ0)2 − 112e−φH2(3) − 112eφFˆ 2(3)
− 1480 Fˆ 2(5)
)
− 12
∫
C(4) ∧H(3) ∧ F(3) , (4.1)
where H(3) = dB(2), F(3) = dC(2), Fˆ(3) = F(3) − χ0 ∧ H(3) and Fˆ(5) = dC(4) − 12C(2) ∧ H(3) +
1
2B(2) ∧ F(3). In addition, a self-duality condition Fˆ(5) = ∗Fˆ(5) should be imposed. Since we
consider the reduction to eight dimensions and collect the scalars only, the self-dual 5-form
field strength plays no role in our discussion.
The reduction ansatz for the metric and the two 2-form tensors is given by
ds210 = e
− 1
2
√
3
Φ˜
ds28 + e
√
3
2
Φ˜dzTM˜ dz
= e
− 1
2
√
3
Φ˜
ds28 + e
√
3
2
Φ˜
(
e−Φ(dz + χdt)2 − eΦdt2) ,
C(2) = χ1dt ∧ dz , B(2) = χ2dt ∧ dz . (4.2)
The scalars χ and Φ, associated with M˜, form a complex scalar that is an SL(2,R)SO(1,1) coset.
The axionic scalars χ0, χ1 and χ2, the dilaton φ and the breathing mode Φ˜ form the
SL(3,R)
SO(1,2)
scalar coset with
M =


−e
2√
3
Φ˜
+ e
φ− 1√
3
Φ˜
χ21 + e
−φ− 1√
3
Φ˜
χ22 e
φ− 1√
3
Φ˜
χ1 e
φ− 1√
3
Φ˜
χ0χ1 − e−φ−
1√
3
Φ˜
χ2
e
φ− 1√
3
Φ˜
χ1 e
φ− 1√
3
Φ˜
e
φ− 1√
3
Φ˜
χ0
e
φ− 1√
3
Φ˜
χ0χ1 − e−φ−
1√
3
Φ˜
χ2 e
φ− 1√
3
Φ˜
χ0 e
−φ− 1√
3
Φ˜
+ e
φ− 1√
3
Φ˜
χ20

 .
(4.3)
Comparing with (2.3), we find φ = Φ1, Φ˜ = −Φ2, χ0 = χ23, χ1 = χ10 and χ2 = −χ20.
These relationships can also be derived from the T duality of the type IIA and type IIB
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strings. The Lagrangian for the scalar sector in eight dimensions is given by
L = √g
[
R8 +
1
4tr(∂µM−1∂µM) + 14tr(∂µM˜−1∂µM˜)
]
=
√
g
[
R8 − 12(∂Φ)2 + 12e−2Φ(∂χ)2 − 12 (∂φ)2 − 12(∂Φ˜)2
− 12e2φ(∂χ0)2 + 12eφ−
√
3Φ˜(∂χ1 + χ2∂χ0)
2 + 12e
−φ−√3Φ˜(∂χ2)2
]
. (4.4)
Since the SL(2,R) symmetry associated with M˜ is part of the general coordinate transfor-
mation in type IIB supergravity, it follows that we can put M˜ in the simplified canonical
form. Thus we have the followings:
• Class i: C˜ has a pair of complex eigenvalues,
M˜ =

− cos γρ sin γρ
sin γρ cos γρ

 . (4.5)
• Class ii: C˜ has two real eigenvalues, with one timelike and one spacelike eigenvectors,
M˜ =

−eγρ 0
0 e−γρ

 . (4.6)
• Class iii: C˜ is rank 1 and all of its eigenvalues are zero,
M˜ =

−(1 +Qρ) −Qρ
−Qρ 1−Qρ

 . (4.7)
For the SL(3,R)SO(1,2) coset, the analysis is much more complicated. We can set M(0) =
diag{−1, 1, 1} by the rigid rescaling transformation and the rigid gauge transformations.
Then we are left with a rigid SO(1, 2) residual symmetry. The SO(2) subgroup of SO(1, 2),
which acts trivially on Φ˜, comes from the original classical SL(2,R) symmetry of type IIB
supergravity.
Given the solution ofM in canonical form as in section 2.2, the general solution can be
obtained by performing the residual SO(1, 2) transformation M→ ΛTMΛ. The SO(1, 2)
transformation Λ can be parameterized by the analog of the Euler angles as
Λ =


1 0 0
0 c1 −s1
0 s1 c1




ch sh 0
sh ch 0
0 0 1




1 0 0
0 c2 −s2
0 s2 c2


=


ch c2 sh −s2 sh
c1 sh c1c2 ch− s1s2 −c1s2 ch− s1c2
s1 sh s1c2 ch+ c1s2 −s1s2 ch+ c1c2

 , (4.8)
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where c1 = cos θ1, c2 = cos θ2, ch = cosh θ0, s1 = sin θ1, s2 = sin θ2, and sh = sinh θ0.
However, such parametrization gives rise to lengthy and complicated results, so we shall
use an alternative parametrization as follows to describe the most general solutions.
Given an arbitrary C matrix, we can transform it to be the form
C =


α0 −β1 −β2
β1 α1 0
β2 0 α2

 (4.9)
by an SO(2) transformation. Let us suppose that the eigenvalues of C are λµ(µ = 0, 1, 2)
and λ0 is related to the timelike or null eigenspace. We must have
det(C − λI2p×2p) =
2∏
µ=0
(λµ − λ) . (4.10)
This implies
βi = ±
√√√√∏2µ=0 (αi − λµ)∏
j 6=i(αi − αj)
, i, j = 1, 2. (4.11)
If C belongs to Class I or Class II, we can find a transformation T which transforms
(4.9) to the canonical form by solving the three eigenvectors of (4.9). Then performing the
inverse transformation T−1 on the canonical solution, we arrive at the solution for (4.9) as
M = ∆−1


∑2
µ=0 e
λµρΛµα1,µα2,µ β1
∑2
µ=0 e
λµρΛµα2,µ β2
∑2
µ=0 e
λµρΛµα1,µ
β1
∑2
µ=0 e
λµρΛµα2,µ β
2
1
∑2
µ=0 e
λµρΛµ
α2,µ
α1,µ
β1β2
∑2
µ=0 e
λµρΛµ
β2
∑2
µ=0 e
λµρΛµα1,µ β1β2
∑2
µ=0 e
λµρΛµ β
2
2
∑2
µ=0 e
λµρΛµ
α1,µ
α2,µ

 . (4.12)
where
Λ0 = λ1 − λ2, Λ1 = λ2 − λ0, Λ2 = λ0 − λ1,
∆ =
2∏
µ=0
Λµ, αi,µ = αi − λµ. (4.13)
An additional SO(2) transformation gives the parametrization of general C as
C =


α0 −(β1 cos θ − β2 sin θ) −(β2 cos θ + β1 sin θ)
β1 cos θ − β2 sin θ α1 cos2 θ + α2 sin2 θ 12(α1 − α2) sin 2θ
β2 cos θ + β1 sin θ
1
2(α1 − α2) sin 2θ α1 sin2 θ + α2 cos2 θ

 . (4.14)
The corresponding solutions in Class I and Class II are
M = ∆−1
2∑
µ=0
eλµρΛµ


α1,µα2,µ B1,µ B2,µ
B1,µ
B21,µ
α1,µα2,µ
B1,µB2,µ
α1,µα2,µ
B2,µ
B1,µB2,µ
α1,µα2,µ
B22,µ
α1,µα2,µ

 , (4.15)
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where
B1,µ = β1α2,µ cos θ − β2α1,µ sin θ , B2,µ = β2α1,µ cos θ + β1α2,µ sin θ . (4.16)
Comparing with (4.3), we can determine the solution of the various fields to be
χ0 =
∑2
µ=0 e
λµρΛµ
B1,µB2,µ
α1,µα2,µ∑2
µ=0 e
λµρΛµ
B21,µ
α1,µα2,µ
, χ1 =
∑2
µ=0 e
λµρΛµB1,µ∑2
µ=0 e
λµρΛµ
B21,µ
α1,µα2,µ
,
e
φ− 1√
3
Φ˜
= ∆−1
2∑
µ=0
eλµρΛµ
B21,µ
α1,µα2,µ
,
e
− 2√
3
Φ˜
= ∆−2
∑
µ>ν
e(λµ+λν)ρΛµΛν
β21β
2
2(α2,µα1,ν − α1,µα2,ν)2
α1,µα2,µα1,να2,ν
,
χ2 =
∑
µ>ν e
(λµ+λν)ρΛµΛν
β21β
2
2(α2,µα1,ν−α1,µα2,ν)(B1,να1,µα2,µ−B1,µα1,να2,ν)
α1,µα2,µα1,να2,ν∑
µ>ν e
(λµ+λν)ρΛµΛν
β21β
2
2(α2,µα1,ν−α1,µα2,ν)2
α1,µα2,µα1,να2,ν
. (4.17)
These expressions are still complicated and we shall not discuss further about the properties
of the solutions.
If the matrix C belongs to Class III, the twofold eigenvalues λ0 = λ1 = λ have only
one eigenvector which is null. We can solve the eigenvector v2 for λ2. Based on v2, we can
formulate an orthogonal and normalized basis that transforms M into the canonical form.
Performing the inverse transformation on the canonical solution, we arrive at the solution
for (4.9) as
M = −Λ−2

eλρ


−C0 + α1,1α2,1Λρ β1(−α2,2 + α2,1Λρ) β2(−α1,2 + α1,1Λρ)
β1(−α2,2 + α2,1Λρ) β21 −C1+α1,1α2,1Λρα21,1 β1β2(−1 + Λρ)
β2(−α1,2 + α1,1Λρ) β1β2(−1 + Λρ) β22 −C2+α1,1α2,1Λρα22,1


+ eλ2ρ


α1,2α2,2 β1α2,2 β2α1,2
β1α2,2 β
2
1
α2,2
α1,2
β1β2
β2α1,2 β1β2 β
2
2
α1,2
α2,2



 , (4.18)
where
Λ = λ− λ2 , αi,j = αi − λj,
C0 = α1,1α2,1 + α1,1Λ+ α2,1Λ,
C1 = α1,1α2,1 + α1,1Λ− α2,1Λ,
C2 = α1,1α2,1 − α1,1Λ+ α2,1Λ. (4.19)
This result can also be obtained as the λ0 − λ1 → 0 limit of (4.12). An additional SO(2)
transformation gives the parametrization of general C as (4.14), and the corresponding
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solution in Class III is
M = −Λ−2


eλ2ρ


α1,2α2,2 B1,2 B2,2
B1,2
B2
1,2
α1,2α2,2
B1,2B2,2
α1,2α2,2
B2,2
B1,2B2,2
α1,2α2,2
B2
2,2
α1,2α2,2


(4.20)
+eλρ


Λ2 − α1,2α2,2 −B1,2 −B2,2
−B1,2 −Λ2 − B
2
1,2
α1,2α2,2
−B1,2B2,2
α1,2α2,2
−B2,2 −B1,2B2,2α1,2α2,2 −Λ2 −
B2
2,2
α1,2α2,2


+ eλρΛρ


α1,1α2,1 B1,1 B2,1
B1,1
B2
1,1
α1,1α2,1
B1,1B2,1
α1,1α2,1
B2,1
B1,1B2,1
α1,1α2,1
B2
2,1
α1,1α2,1




,
where
B1,i = β1α2,i cos θ − β2α1,i sin θ , B2,i = β2α1,i cos θ + β1α2,i sin θ. (4.21)
Comparing with (4.3), we can decide the solution of the various fields as
χ0 =
eλρ(
B1,2B2,2
α1,2α2,2Λ2
− ρ B1,1B2,1α1,1α2,1Λ)− eλ2ρ
B1,2B2,2
α1,2α2,2Λ2
eλρ(1 +
B21,2
α1,2α2,2Λ2
− ρ B
2
1,1
α1,1α2,1Λ
)− eλ2ρ B
2
1,2
α1,2α2,2Λ2
,
χ1 =
eλρ(
B1,2
Λ2
− ρB1,1Λ )− eλ2ρ
B1,2
Λ2
eλρ(1 +
B21,2
α1,2α2,2Λ2
− ρ B
2
1,1
α1,1α2,1Λ
)− eλ2ρ B
2
1,2
α1,2α2,2Λ2
,
eφ−
1
3 Φ˜ = eλρ(1 +
B21,2
α1,2α2,2Λ2
− ρ B
2
1,1
α1,1α2,1Λ
)− eλ2ρ B
2
1,2
α1,2α2,2Λ2
,
e
− 2√
3
Φ˜
= e(λ+λ2)ρ
(
−β
2
1α
2
2,2 + β
2
2α
2
1,2
α1,2α2,2Λ2
+ ρ
β21β
2
2(α1,2α2,1 − α1,1α2,2)2
α1,1α1,2α2,1α2,2Λ3
)
+ e2λρ
(
1 +
β21α
2
2,2 + β
2
2α
2
1,2
α1,2α2,2Λ2
−ρβ
2
1β
2
2(α1,2α2,1 − α1,1α2,2)2 + α1,2α2,2(β21α22,1 + β22α21,1)
α1,1α1,2α2,1α2,2Λ3
)
, (4.22)
e
− 2√
3
Φ˜
χ2 = e
(λ+λ2)ρ
(
B2,2
Λ2
− ρβ
2
1β
2
2(α1,2α2,1 − α1,1α2,2)(B1,1α1,2α2,2 −B1,2α1,1α2,1)
α1,1α1,2α2,1α2,2Λ3
)
+ e2λρ
[
−B2,2
Λ2
+ ρ
(
β21β
2
2(α1,2α2,1 − α1,1α2,2)(B1,1α1,2α2,2 −B1,2α1,1α2,1)
α1,1α1,2α2,1α2,2Λ3
+
B1,1
Λ2
)]
.
Note that the SL(2,Z) multiplet of type IIB superstrings obtained in [25] is a special case
of the class III solutions.
If C belongs to Class IV, the canonical form given by (2.22) itself is related to the general
form (4.9) by an SO(2) transformation. Then the most general solution for C for this class
can be obtained from an arbitrary SO(2) transformation acting on the canonical C given in
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(2.22). Thus we have
C = α


cos β 1
4
(3 cos(β − θ) + cos(β + θ)) − 1
4
(3 sin(β − θ)− sin(β + θ))
−
1
4
(3 cos(β − θ) + cos(β + θ)) − cos(β − θ) cos θ 1
2
sin(β − 2θ)
1
4
(3 sin(β − θ)− sin(β + θ)) 1
2
sin(β − 2θ) sin(β − θ) sin θ


.
(4.23)
Indeed, when θ = 12β, the matrix takes the form of (4.9). The M is correspondingly given
by
M =


−1 0 0
0 1 0
0 0 1


+ 1
8
α2ρ2 sin2 β


1 cos θ sin θ
cos θ cos2 θ 1
2
sin 2θ
sin θ 1
2
sin 2θ sin2 θ


+ αρ× (4.24)


cosβ − 1
4
(3 cos(β − θ) + cos(β + θ)) 1
4
(3 sin(β − θ)− sin(β + θ))
− 1
4
(3 cos(β − θ) + cos(β + θ)) − cos(β − θ) cos θ 1
2
sin(β − 2θ)
1
4
(3 sin(β − θ)− sin(β + θ)) 1
2
sin(β − 2θ) sin(β − θ) sin θ


.
Comparing with (4.3), we can determine that the scalar fields are given by
χ0 =
1
2αρ sin(β − 2θ) + 116α2ρ2 sin2 β sin 2θ
1− αρ cos(β − θ) cos θ + 18α2ρ2 sin2 β cos2 θ
,
χ1 =
−14αρ(3 cos(β − θ) + cos(β + θ)) + 18α2ρ2 sin2 β cos θ
1− αρ cos(β − θ) cos θ + 18α2ρ2 sin2 β cos2 θ
,
χ2 = −
1
4αρ(3 sin(β − θ)− sin(β + θ))− 18α2ρ2 sin2 β sin θ
1− αρ cos β − 18α2ρ2 sin2 β
,
e
φ− 1√
3
Φ˜
= 1− αρ cos(β − θ) cos θ + 18α2ρ2 sin2 β cos2 θ,
e
− 2√
3
Φ˜
= 1− αρ cos β − 18α2ρ2 sin2 β. (4.25)
Having obtained the results for both M˜ andM for all classes of solutions, it is straight-
forward to lift the solution back to D = 10 using (4.2), giving rise to the most general string
solutions with R1,1 × SO(8) isometries.
5 D = 5 pure gravity on R1,1
In this section, we consider five-dimensional pure gravity on R1,1. The resulting D = 3
gravity theory is described by an SL(3,R)SO(1,2) coset. This enables us to find the most gen-
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eral Ricci-flat solutions with R1,1 × SO(3) isometry. The Einstein-Hilbert action in five
dimensions is given by
S5 =
∫
d5x
√
−GR . (5.1)
Performing the dimension reduction on R1,1, we can take
ds25 = e
− 2√
3
Φ
ds23 + e
1√
3
Φ
[
−eφ(dt+ χdz + A˜(1))2 + e−φ(dz +A(1))2
]
. (5.2)
The Lagrangian becomes
L3 = √g
(
R3 − 12(∂φ)2 − 12(∂Φ)2 + 12e2φ(∂χ)2 + 14eφ+
√
3ΦF˜ 2(2) − 14e−φ+
√
3ΦF 2(2)
)
, (5.3)
where
F˜(2) = dA˜(1) − dχ ∧A(1) , F(2) = dA(1) . (5.4)
The equations of motion are
δS
δA˜(1)
= −d∗
(
eφ+
√
3ΦF˜(2)
)
= 0 ,
δS
δA(1)
= d∗
(
e−φ+
√
3ΦF(2)
)
− ∗
(
eφ+
√
3ΦF˜(2)
)
∧ dχ
= d
(
e−φ+
√
3Φ∗F(2) − eφ+
√
3Φ∗F˜(2) ∧ χ
)
= 0 . (5.5)
Thus we can define the dual field of A˜(1) and A(1) as follows
dϕ˜ = −eφ+
√
3Φ∗F˜(2), dϕ = e−φ+
√
3Φ∗F(2) − eφ+
√
3Φ∗F˜(2)χ . (5.6)
Then we have
F˜(2) = ∗ ∗ F˜(2) = −e−φ−
√
3Φ∗dϕ˜ , F(2) = ∗ ∗ F(2) = eφ−
√
3Φ∗(dϕ − χdϕ˜). (5.7)
The Lagrangian then describe an SL(3,R)SO(1,2) coset
L = √g
[
R3 − 12 (∂φ)2 − 12 (∂Φ)2 + 12e2φ(∂χ)2 − 12e−φ−
√
3Φ(∂ϕ˜)2 + 12e
φ−√3Φ(∂ϕ − χ∂ϕ˜)2
]
=
√
g
[
R3 +
1
4 tr(∂µM−1∂µM)
]
, (5.8)
where M is the metric related to the SL(3,R)SO(1,2) scalar coset
M =


−e−φ+
1√
3
Φ
+ e
φ+
1√
3
Φ
χ2 + e
− 2√
3
Φ
ϕ2 e
φ+
1√
3
Φ
χ+ e
− 2√
3
Φ
ϕ˜ϕ e
− 2√
3
Φ
ϕ
e
φ+
1√
3
Φ
χ+ e
− 2√
3
Φ
ϕ˜ϕ e
φ+
1√
3
Φ
+ e
− 2√
3
Φ
ϕ˜2 e
− 2√
3
Φ
ϕ˜
e
− 2√
3
Φ
ϕ e
− 2√
3
Φ
ϕ˜ e
− 2√
3
Φ

 .(5.9)
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We shall consider the spherically symmetry solutions. As in section 2, the metric in
three dimensions is determined by the Einstein equation in the foliating sphere directions;
it is given by
ds23 = (1 +
a
4r2
)2(dr2 + r2dΩ22) . (5.10)
All of the scalars depend on the radial coordinate r only. The scalar equations of motion
can be integrated to satisfy the following first-order equation:
M−1M˙ = C , (5.11)
where the constant matrix C satisfies a constraint from the Einstein equation associated
with Rrr, given by
I ≡ −12tr(C2) = 4a . (5.12)
For this SL(3,R)SO(1,2) coset, we can set M(0) = diag{−1, 1, 1} by a rigid coordinate and gauge
transformation. We are then left with a rigid SO(1, 2) residual symmetry where there is a
SO(1, 1) subgroup coming from the rigid coordinate transformation. Thus the nontrivial
transformations of the solutions form an SO(1,2)SO(1,1) coset. Before modding out the trivial
SO(1, 1) part, the most general solutions for C andM take the same form as those obtained
in previous section, but with
cos(
√
aρ) =
1− a
4r2
1 + a
4r2
. (5.13)
Comparing with (5.9), we can find the solutions of the various fields for different classes.
Class I & II:
ϕ˜ =
∑2
µ=0 e
λµρΛµ
B1,µB2,µ
α1,µα2,µ∑2
µ=0 e
λµρΛµ
B22,µ
α1,µα2,µ
, ϕ =
∑2
µ=0 e
λµρΛµB2,µ∑2
µ=0 e
λµρΛµ
B22,µ
α1,µα2,µ
,
e
− 2√
3
Φ
= ∆−1
2∑
µ=0
eλµρΛµ
B22,µ
α1,µα2,µ
,
e
φ− 1√
3
Φ
= ∆−2
∑
µ>ν
e(λµ+λν)ρΛµΛν
β21β
2
2(α2,µα1,ν − α1,µα2,ν)2
α1,µα2,µα1,να2,ν
,
χ =
∑
µ>ν e
(λµ+λν)ρΛµΛν
β21β
2
2(α2,µα1,ν−α1,µα2,ν)(B2,να1,µα2,µ−B2,µα1,να2,ν)
α1,µα2,µα1,να2,ν∑
µ>ν e
(λµ+λν)ρΛµΛν
β21β
2
2(α2,µα1,ν−α1,µα2,ν)2
α1,µα2,µα1,να2,ν
. (5.14)
Class III:
ϕ˜ =
eλρ(
B1,2B2,2
α1,2α2,2Λ2
− ρ B1,1B2,1α1,1α2,1Λ)− eλ2ρ
B1,2B2,2
α1,2α2,2Λ2
eλρ(1 +
B22,2
α1,2α2,2Λ2
− ρ B
2
2,1
α1,1α2,1Λ
)− eλ2ρ B
2
2,2
α1,2α2,2Λ2
,
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ϕ =
eλρ(
B2,2
Λ2
− ρB2,1Λ )− eλ2ρ
B2,2
Λ2
eλρ(1 +
B22,2
α1,2α2,2Λ2
− ρ B
2
2,1
α1,1α2,1Λ
)− eλ2ρ B
2
2,2
α1,2α2,2Λ2
,
e
− 2√
3
Φ
= eλρ(1 +
B22,2
α1,2α2,2Λ2
− ρ B
2
2,1
α1,1α2,1Λ
)− eλ2ρ B
2
2,2
α1,2α2,2Λ2
,
e
φ− 1√
3
Φ
= e(λ+λ2)ρ
(
−β
2
1α
2
2,2 + β
2
2α
2
1,2
α1,2α2,2Λ2
+ ρ
β21β
2
2(α1,2α2,1 − α1,1α2,2)2
α1,1α1,2α2,1α2,2Λ3
)
+e2λρ
(
1 +
β21α
2
2,2 + β
2
2α
2
1,2
α1,2α2,2Λ2
− ρβ
2
1β
2
2(α1,2α2,1 − α1,1α2,2)2 + α1,2α2,2(β21α22,1 + β22α21,1)
α1,1α1,2α2,1α2,2Λ3
)
,
e
φ− 1√
3
Φ
χ = e(λ+λ2)ρ
(
−B1,2
Λ2
− ρβ
2
1β
2
2(α1,2α2,1 − α1,1α2,2)(B2,1α1,2α2,2 −B2,2α1,1α2,1)
α1,1α1,2α2,1α2,2Λ3
)
+e2λρ
[
B1,2
Λ2
+ ρ
(
β21β
2
2(α1,2α2,1 − α1,1α2,2)(B2,1α1,2α2,2 −B2,2α1,1α2,1)
α1,1α1,2α2,1α2,2Λ3
− B1,1
Λ2
)]
.(5.15)
Class IV:
ϕ˜ =
1
2αρ sin(β − 2θ) + 116α2ρ2 sin2 β sin 2θ
1 + αρ sin(β − θ) sin θ + 18α2ρ2 sin2 β sin2 θ
,
ϕ =
1
4αρ(3 sin(β − θ)− sin(β + θ)) + 18α2ρ2 sin2 β sin θ
1 + αρ sin(β − θ) sin θ + 18α2ρ2 sin2 β sin2 θ
,
e
− 2√
3
Φ
= 1 + αρ sin(β − θ) sin θ + 18α2ρ2 sin2 β sin2 θ,
e
φ− 1√
3
Φ
= 1− αρ cos β − 18α2ρ2 sin2 β,
χ = −
1
4αρ(3 cos(β − θ) + cos(β + θ)) + 18α2ρ2 sin2 β cos θ
1− αρ cos β − 18α2ρ2 sin2 β
. (5.16)
To write the 5D metric explicitly, we further need to convert the solution of ϕ and ϕ˜ to
gauge potentials. In fact, the gauge potentials A(1) and A˜(1) can be decided without knowing
the explicit form of ϕ and ϕ˜. Note that the components of M−1M˙ = C
eφ−
√
3Φ(−ϕ˙+ χ ˙˜ϕ) = C02,
e−φ−
√
3Φ ˙˜ϕ+ χeφ−
√
3Φ(ϕ˙− χ ˙˜ϕ) = C12, (5.17)
imply
dA(1) = F(2) = e
φ−√3Φ ∗ (ϕ˙− χ ˙˜ϕ)dr = −C02dΩ2 ,
dA˜(1) − dχ ∧A(1) − χdA(1) = F˜(2) − χF(2)
= −e−φ−
√
3Φ ∗ ˙˜ϕdr − χeφ−
√
3Φ ∗ (ϕ˙− χ ˙˜ϕ)dr = −C12dΩ2 . (5.18)
Then we can determine the gauge potential via C directly
A(1) = C02 cos θ1dθ2 ,
A˜(1) = C12 cos θ1dθ2 + χA(1) = (C12 + χC02) cos θ1dθ2 , (5.19)
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where θ1 and θ2 are the angular coordinates for the S
2 metric dΩ22.
Finally, let us consider how to mod out the trivial SO(1, 1). The SO(1, 1) symmetry
allows us to set the two constant and thus the U(1) potentials in the following canonical
form:
a) C02 = 0;
b) C12 = 0;
c) C02 = C12 = 1. (5.20)
Applying this condition to the solutions obtained previously, we then arrive with a full
classification of the solutions with the trivial SO(1, 1) being modded out.
6 Conclusions
In this paper we obtain the most general spherically symmetric M2-brane and type IIB
string solutions. We make use of the fact that any such p-brane solution reduced on the
world volume give rise to an instanton solution supported by a scalar coset in the lower-
dimensional theory. The Kaluza-Klein reduction of eleven-dimensional supergravity on R1,2
or type IIB supergravity on R1,1 gives rise to a scalar coset SL(3,R)SO(1,2) × SL(2,R)SO(1,1) . Using the
classifications of GL(n,R) instantons for the Ricci-flat examples [7], we obtain the most
general spherically symmetric instanton solutions. Lifting these solutions back to D = 11
gives rise to M2-branes.
We find that there are a total twelve classes of M2-branes, including the previously
known extremal or nonextremal M2-branes and new smooth M2-brane wormholes that
connect two asymptotic regions: one is flat and the other can be either flat or AdS4 × S7.
We discuss their properties in some detail. We also obtained the most general spherically
symmetric type IIB string solutions by lifting the instanton solutions. Owing to the fact
that the SL(3,R) and SL(2,R) factors of the global symmetries are the general coordinate
transformation invariance in M theory and type IIB supergravity respectively, the two types
of lifting are very different, since we would like to mod out solutions that are related by
general coordinate transformation. We also obtain the most general Ricci-flat solutions in
five dimensions with R1,1 × SO(3) isometries.
As was discussed in [26], analytical continuation of p-brane solutions can lead to cos-
mological solutions [27, 28] where the coordinate r is analytically continued to become
the time coordinate. These solutions can be interpreted as spacelike branes [29]. Thus
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a proper analytical continuation of our solution will yield the most general S-branes with
R
p+1 × SO(D − p− 1) isometries,
Our procedure can be generalized to obtain the most general solutions with R1,p ×
SO(D − p − 1) isometries in any supergravity in D dimensions. It amounts to a group
theoretic study of a certain scalar coset G/H and then classifying the inequivalent classes
of the constant matrix C defined in (2.14). The examples discussed so far all belong to
GL(n,R) or SL(n,R), for which the discussion is relatively easy. The situation becomes
much more complicated when G belongs to exceptional groups, which can arise in lower-
dimensional maximal supergravities. It is of great interest to obtain all of the most general
spherically symmetric p-branes in all supergravities.
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